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Context

Some datasets convey interesting geometric and topological information.

Figure: Porous magnetic hexaferrite
foams, Zeiss Microscopy.

Goal.

1. recover the scale and
distribution of topological
structures,

2. with a multiscale approach,

3. dense and concise description
(curse of dimensionality),

4. no restrictive assumption,

5. robustness guarantees, e.g.,
stability, interpretability.
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Sublevelset example

1. The function f ∶ X → ℝ induces a filtration F = (f −1(−∞, t])t∈ℝ.

2. The time parameter t ∈ ℝ encodes the “geometry” along f .

3. H0(F) = k ⊕ k ⊕ k encodes the “geometrical”
lifetime of topological cycles.
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Multiparameter persistence motivation
Motivation: noisy data

An (eyeball-looking) annulus has a predictable and interpretable topological
persistence. . . but is not robust to arbitrary noise!

Q. Which threshold?

Q. Modes of the measure?
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Bipersistence and noise
Radius + codensity

Goal:
Identify lifetimes of topological
structures from the multifiltration

F(r ,d) = ⋃
density(x)≥d

B(x, r),

i.e., find a lifetime shape decomposition
of

Hi(F , ⊆).
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Aside for interpretability: Module approximations
[L., Carrière, Blumberg, 2025]

1. A color shape: a cycle’s lifetime in the filtration,

2. Rainbow strip: first connecting points in high density regions,

3. Large green shape: annulus’ lifetime.
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TDA and point clouds
Structural vs Functional MRIs

(a) Structural MRI (b) Functional MRI

Fr ,d ∶= {𝜎 ⊆ (Regions) ∣ geodesic diam(𝜎) ≤ r ,min intensity(𝜎) ≥ d}

1Images from the Cronos Inria team.
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Definition (Multifiltration)
A d-filtration F is a family of topological spaces (Fx)x∈ℝd with:

Fx ⊆ Fy if x ≤ y, where x ≤ y ⇔ ∀1 ≤ i ≤ n, xi ≤ yi.

Example (Homology of a filtration)
If F is an d-filtration, then we want to look at Hi(F , ⊆), where:

Hi(F , ⊆) =
⎧⎪⎪
⎨⎪⎪⎩

(Hi(Fx))x∈ℝd

(Hi(Fx
𝜄−→ Fy)∶ Hi(Fx) → Hi(Fy))x≤y∈ℝd

.

Definition (Multipersistence module)
An d-parameter persistence module is a family of vector space (Mx)x∈ℝd

with linear maps M(x ≤ y)∶ Mx → My for any x ≤ y ∈ ℝd , satisfying:

∀x ≤ y ≤ z, M(y ≤ z) ◦ M(x ≤ y) = M(x ≤ z) and M(x ≤ x) = id.
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Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Suplevelset filtration, inspired from
[Chazal et al., 2011]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton1'){ocgs[i].state=false;}}




Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton2'){ocgs[i].state=false;}}




Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton3'){ocgs[i].state=false;}}



Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton4'){ocgs[i].state=false;}}



Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton5'){ocgs[i].state=false;}}



Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .

Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton6'){ocgs[i].state=false;}}



Intro Related Ours Illustrations & extensions Conclusion

Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,

2. statistical sampling,

3. filtration function

4. imprecisions

5. . . .
Figure: Filtration by curvature [Song, 2022]

13/27


var ocgs=host.getOCGs(host.pageNum);for(var i=0;i<ocgs.length;i++){if(ocgs[i].name=='MediaPlayButton7'){ocgs[i].state=false;}}



Intro Related Ours Illustrations & extensions Conclusion

Geometric-lowerstar multifiltrations

Setting. X compact metric space, f∶ X → ℝd .
RipsLowerstar (or Function-Rips) multifiltration: [Carlsson, Zomorodian, 2009]

RipsLowerstar(f ) ∶=
{

Rips𝛿(f
−1(−∞, t1]) × ⋯ × f −1(−∞, td]))

}
𝛿≥0,t∈ℝd
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Special case. RipsCodensity.
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Geometric-codensity alternatives
∙ Degree-Rips [Lesnick Wright, 2015],

∙ Kernel-Rips [Rolle Scoccola 2020]

∙ Subdivision-Rips/Čech [Sheehy 2012]

∙ Measure bifiltration, multicover bifiltrations [Edelsbrunner, Osang 2018],
[Blumberg, Lesnick 2020], [Buchet et al., 2023], [Alonso 2025].
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Multicover example
on the three-annulus dataset
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Geometric-codensity alternatives
Guarantees

Theorem ([Blumberg, Lesnick, 2020] [Rolle, Scoccola, 2020])
For any compact metric space X, and sample P ⊆ X:

dI (MeasureBiFil(X),MeasureBiFil(P)) ≤ dP(X , P)

dHI (SubdivisionRips(X), SubdivisionRips(P)) ≤ dGP(X , P)
dCI (𝜋0[DegreeRips(X), 𝜋0[DegreeRips(P)]) ≤ dGHP(X , P)

Our setting. (loosely speaking)

1. Input: Xk ∶= (x1, … , xk) a k-sample of a measure 𝜇.

2. Estimator: ∼ Fil(P ,f||P)
3. Target: not���XXXFil(f),

not���XXX(X ,f), but PH∗(f),

Example
ToMATo [Chazal et al., 2013] or Persistable [Rolle, Scoccola, 2020].
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Intro Related Ours Illustrations & extensions Conclusion

First attempt

Assumptions.
1. (X , dX ) compact geodesic space, with convexity radius 𝜌X > 0,

2. f ∶ X → ℝd L-Lipschitz (or admitting a modulus of continuity 𝜔),

3. P a k-sample on X , with dH(X , P) ≤ 𝜀.

Estimator. Given a scale 𝛿 > 0, take H∗(Filt𝛿(f ||P)), with Filt(f ) in:

Offset𝛿(f ||P), or Čech𝛿(f ||P).

Then. for any 𝛿 ∈ [𝜀, 𝜌X ):

di(H∗(Filt𝛿(f ||P)),H∗(f )) ≤ L𝛿.

Problem. Čech complex requires more info than (P , f ||P).
What about Rips ?
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Second attempt
Rips

Assumption. X compact geodesic (unknown),

f L-Lipschitz (L
unknown), dH(X , P) ≤ 𝜀 (unknown), and 𝜌X > 0 (unknown).

Strategy. Use Rips𝛿(−) ⊆ Čech𝛿(−) ⊆ Rips2𝛿(−).

Algorithm. parameter 𝛿 > 0.

1. Filter P : (Pt)t∈ℝd , with Pt ∶= f−1(−∞, t] ∩ P = (f|P)−1 (−∞, t],
2. Build the multifiltrations

{
Rips𝛿(Pt)

}
t∈ℝd ⊆

{
Rips2𝛿(Pt)

}
t∈ℝd ,

3. Compute: Ĥ∗(f)𝛿 ∶= imH∗ [
{

Rips𝛿(Pt)
}

t∈ℝd ⊆
{

Rips2𝛿(Pt)
}

t∈ℝd].

Then. [Chazal et al., 2009], [André, Li, L., Oudot, 2025]

For any 𝛿 ∈ [2𝜀,
1
2
𝜌X) , di (Ĥ∗(f)𝛿 ,H∗(f)) ≤ 2L𝛿.

Problem. The parameter 𝛿 > 0 depends on the (unknown) sampling
error 𝜀.
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Third attempt
Lemma ([Cuevas et al., 2004], [Chazal et al., 2015])
If P = Xn = (x1, … , xn) ∼ 𝜇⊗n, with 𝜇 (a, b)-standard of support X, i.e.,

∀x ∈ X , ∀r > 0, 𝜇 (BX (x, r)) ≥ arb ∧ 1,

then if X admits an accumulation point:

(
1

an)

1
b

≲ 𝔼[dH(Xn,X)] ≲ (
log n
an )

1
b

.

Theorem ([André, Li, L., Oudot, 2025])
Under the same assumptions, and if Xn ∼ 𝜇⊗n with 𝜇 (a, b)-std., there exist a
sequence (𝛿n)n≥0 such that for any threshold D > 0,

𝔼 [di (Ĥ∗(f)𝛿n
,H∗(f)) ∧ D] ≲ L(

log n
an )

1
b

.

This rate is (quasi-)minimax.
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Sharpness of the bounds
Proof by the example : filtration by the height
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Adding noise
Proof by the example : filtration by the height
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Extension to modulus of continuity

Modulus of continuity. f ∶ X → ℝd is 𝜔-continuous if

∀x, y ∈ X , ‖f (x) − f (y)‖ ≤ 𝜔(dX (x, y))

Theorem ([André, Li, L., Oudot, 2025])
Under the same assumptions, and if Xn ∼ 𝜇⊗n with 𝜇 (a, b)-std., there exist a
sequence (𝛿n)n≥0 such that for any threshold D > 0,

𝔼 [di (Ĥ∗(f)𝛿n
,H∗(f)) ∧ D] ≲ 𝜔

[
C (

log n
an )

1
b

]
.

In particular, 𝛼-Hölder functions are controlled by the rate (
log n
an )

𝛼
b .
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Extension to modulus of continuity
Example: sublevelsets of a brownian motion

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.2

0.4

0.6

0.8

1.0

1.2

Figure: Iterations that converge to a realization of the standard Brownian motion.
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Extension to modulus of continuity
Example: sublevelsets of a brownian motion
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Extension to the multiparameter setting
Vertical slices?
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A similar result holds when slices are replaced with slabs.
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Multiparameter convergence
Immunohistochemistry
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Figure: The dataset, from [Vipond et al., 2021]
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Multiparameter convergence
Immunohistochemistry

Figure: MMA decompositions of the ČechLowerstar filtrations
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Multiparameter convergence
Immunohistochemistry

Convergence in 2-param. Wasserstein error (w.r.t. to last) of the rank
decomposition of RipsLowerstar on a given protein.
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Multiparameter convergence
Immunohistochemistry

Convergence in 4-param. Wasserstein error (w.r.t. to last) of the
Hilbert decomposition of RipsImageLowerstar on the three proteins.
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Conclusion.

1. If f∶ X → ℝd is continuous, then H∗(f) is approximable,

with tight
bounds, using Čech / RipsImage estimators

2. Several choices for Ĥ∗(f)𝛿 , all (quasi-)minimax, with a rate of the
order 1

n_generators
1
d

3. Extendable under specific assumptions, e.g.,

Hölder continuity,
multiparameter (with radius), sampling / function errors,
multicritical filtrations, etc.

Code (to compute invariants or ML stuff):

1. For one-parameter persistence:
> pip install gudhi

> conda install gudhi -c conda-forge

2. For multiparameter persistence:
> pip install multipers

> conda install multipers -c conda-forge

Thank you!
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