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Some datasets convey interesting geometric and topological information.

Goal.

1. recover the scale and
distribution of topological
structures,

2. with a multiscale approach,

3. dense and concise description
(curse of dimensionality),

4. no restrictive assumption,

5. robustness guarantees, e.g.,
stability, interpretability.

Figure: Porous magnetic hexaferrite
foams, Zeiss Microscopy.
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The persistence barcode is the multiset of bars, encoding the lifetimes of
topological structures over time (radius).
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Sublevelset example

1. The function f : X — R induces a filtration F = (f~!(—oo, t])
2. The time parameter t € R encodes the “geometry” along f.

3. Hy(F) =k @ k® Ok encodes the “geometrical”
lifetime of topological cycles.

teR"
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Multiparameter persistence motivation

Motivation: noisy data

An (eyeball-looking) annulus has a predictable and interpretable topological
persistence... but is not robust to arbitrary noise!

Q. Which threshold?

Q. Modes of the measure?
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Bipersistence and noise

Radius + codensity

Goal:
Identify  lifetimes of topological
structures from the multifiltration

Feo= | B,

density(x)>d

i.e, find a lifetime shape decomposition
of
H;(F, ).
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Aside for interpretability: Module approximations
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Interpretation.

1. A color shape: a cycle’s lifetime in the filtration,
2. Rainbow strip: first connecting points in high density regions,

3. Large green shape: annulus’ lifetime.
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TDA and point clouds

Structural vs Functional MRIs

(a) Structural MRI (b) Functional MRI

'Images from the Cronos Inria team.
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Structural vs Functional MRIs

(a) Structural MRI (b) Functional MRI

F.4 :={o C P(Regions) | geodesic diam(c) < r, min intensity(c) > d}

'Images from the Cronos Inria team.
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Definition (Multifiltration)
A d-filtration F is a family of topological spaces (Fy),ege With:

F,CF, ifx<y, wherex<yevi<i<n x <y
Example (Homology of a filtration)
If F is an d-filtration, then we want to look at H;(F, C), where:
(Hi(Fx))xele

D=1 (18,5 )+ 18 - 1))

x<yeRd
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Definition (Multifiltration)
A d-filtration F is a family of topological spaces (Fy),epe With:

F,CF, ifx<y, where x<yevli<i<n x; <y

Example (Homology of a filtration)

If F is an d-filtration, then we want to look at the multipersistence module
H;(F, ©), where:

(Hi(Fx))xele
Hi(F.©) = (Hi(px_& Fy): Hy(F) - Hi(Fy))

x<yeRd ’

Definition (Multipersistence module)

An d-parameter persistence module is a family of vector space (M) cre
with linear maps M(x < y) : M, — M, forany x < y € R, satisfying:

Vx<y<z, M(y<z)oMx<y)=Mx<z) and M(x<x)=1id.
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Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Figure: Suplevelset filtration, inspired from

[Chazal et al., 2011]
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Figure: Filtration by curvature [Song, 2022]
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Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:

1. ambiant space,
2. statistical sampling,

3. filtration function

Figure: Filtration by curvature [Song, 2022]
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Discrete approximation

Problem statement.
1. Continuous filtration

2. Discretized filtration

Bounds dependance.
Regularity of:
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filtration function
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Figure: Filtration by curvature [Song, 2022]
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Geometric-lowerstar multifiltrations

Setting. X compact metric space, £ : X > R%.
RipsLowerstar (or Function-Rips) multifiltration: [Carlsson, Zomorodian, 2009]

RipsLowerstar(f) := {Rlps,g(f (=0, t1]) x -+ x f71(—00, 84 ))}5>o teRd
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Geometric-lowerstar multifiltrations

Setting. X compact metric space, £ : X — R%.
RipsLowerstar (or Function-Rips) multifiltration: [Carlsson, Zomorodian, 2009]

RipsLowerstar(f) := {Ripsé(ffl(—w, t]) x - xf’l(—w,td]))}azostew

/l;l (—oo, _t]
Ripss(/£[p' (—o0, —t])

Special case. RipsCodensity.
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Multicover example

on the three-annulus dataset
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Geometric-codensity alternatives

Guarantees

Theorem ([Blumbcrg, Lesnick, 2020] [Rolle, Scoccola, 2020])

For any compact metric space X, and sample P C X:

d; (MeasureBiFil(X), MeasureBiFil(P)) < dp(X,P)
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Guarantees

Theorem ([Blumbcrg, Lesnick, 2020] [Rolle, Scoccola, 2020])

For any compact metric space X, and sample P C X:

d; (MeasureBiFil(X), MeasureBiFil(P)) <
dyy (SubdivisionRips(X), SubdivisionRips(P)) <  dgp(X, P)
dcy (o[ DegreeRips(X), mo[DegreeRips(P)]) <

Our setting. (loosely speaking)
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Geometric-codensity alternatives

Guarantees
Theorem ([Blumbcrg, Lesnick, 2020] [Rolle, Scoccola, 2020])
For any compact metric space X, and sample P C X:

dy (MeasureBiFil(X), MeasureBiFil(P)) < dp(X,P)
dyy (SubdivisionRips(X), SubdivisionRips(P)) <  dgp(X, P)
dcy (o[ DegreeRips(X), mo[DegreeRips(P)]) < dgup(X, P)

Our setting. (loosely speaking)

1. Input: X := (x1, ..., x;) a k-sample of a measure /1.
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Geometric-codensity alternatives

Guarantees

Theorem ([Blumbcrg, Lesnick, 2020] [Rolle, Scoccola, 2020])

For any compact metric space X, and sample P C X:

dy (MeasureBiFil(X), MeasureBiFil(P)) < dp(X,P)
dyy (SubdivisionRips(X), SubdivisionRips(P)) <  dgp(X, P)
dcy (o[ DegreeRips(X), mo[DegreeRips(P)]) < dgup(X, P)

Our setting. (loosely speaking)
1. Input: X := (x1, ..., x;) a k-sample of a measure /1.
2. Estimator: ~ Fil(P, £],)
3. Target: not Fi{#£), not 3&+£), but PH..(£),

Example
ToMATo0 [Chazal et al., 2013] or Persistable [Rolle, Scoccola, 2020].
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Assumptions.
1. (X, dx) compact geodesic space, with convexity radius px > 0,
2. f+ X — R? L-Lipschitz (or admitting a modulus of continuity w),
3. P a k-sample on X, with dy(X,P) < ¢.

Estimator. Given a scale § > 0, take H*(Filtg(f{f,)), with Filt(f) in:
Offsets(f|,), or Cechs(f],).
Then. for any § € [e, px):
di(HL.(Filts(f])), Hu () < L6.

Problem. Cech complex requires more info than (P, f
What about Rips ?

D
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Assumption. X compact geodesic (unknown), £ L-Lipschitz (L
unknown), dy(X, P) < ¢ (unknown), and px > 0 (unknown).

Strategy. Use Ripss(—) € Cechs(—) C Rips,s(-).

Algorithm. parameter § > 0.
1. Filter P: (Py),epe, with Py := £~ (=00, t] N P = (£]p) " (—o0, t],
2. Build the multifiltrations {Rips(s(Pt)} rerd € {Rips2 5(Pt)}

teR?’

3. Compute: H.(f)s :=imH, [{RiPS(S(PI)}teRd c {Ripszé(Pt)}te[Rd].
Then. [Chazal et al., 2009], [André, Li, L., Oudot, 2025]

For any § € [25, ;px> , 4 (mg,H*(/)) < 2L6.

Problem. The parameter § > 0 depends on the (unknown) sampling
error €.
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Third attempt

Lemma ([Cuevas et al., 2004], [Chazal et al., 2015])
IfP =X, = (x1, ..., xn) ~ p®", with p (a, b)-standard of support X, i.e.,

vx € X, Vr>0, p1(Bx(x, 1)) > ar’ A1,

then if X admits an accumulation point:

<i>b < E[dy(X,, X)] < (log">b.
an an
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Lemma ([Cuevas et al., 2004], [Chazal et al., 2015])

IfP =X, = (x1,..., x5) ~ p®", with p (a, b)-standard of support X, then if X
admits an accumulation point:

(i)" < Eldu(X X)] < <l°g”>
an an

Theorem ([André, Li, L., Oudot, 2025])

Under the same assumptions, and if X, ~ u®" with p (a, b)-std., there exist a
sequence (8,)n>o such that for any threshold D > 0,

E [d (H.(7)s, H(A) nD| <1 <l°g">

an
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Lemma ([Cuevas et al., 2004], [Chazal et al., 2015])

IfP =X, = (x1,..., x5) ~ p®", with p (a, b)-standard of support X, then if X
admits an accumulation point:

( 1 )b < E[d(X,. )] < <logn>b’
an an

Theorem ([André, Li, L., Oudot, 2025])

Under the same assumptions, and if X, ~ u®" with p (a, b)-std., there exist a
sequence (8,)n>o such that for any threshold D > 0,

E [di (If(?%n,H*(/)) /\D] <L <1°g">; .

an

This rate is (quasi-)minimax.
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Figure: (left) The dataset. (right) Vertical interleaving error.

21/27



Intro Related Ours Tlustrations & extensions Conclusion
00000000000 00000 [e]e]e} 0®0000 o

Adding noise

Proof by the example : filtration by the height

20 -15 -10 05 00 05 10 15 20

Figure: (left) The dataset.

22/27



Intro Related Ours Tlustrations & extensions Conclusion
00000000000 00000 [e]e]e} 0@0000

Adding noise

Proof by the example : filtration by the height

H, 2-persistence

== Ground truth

Height

0.0

0.5

“15 -10

20 -15 -10 -05 00 05 10 15 20 0.5
Scale §

Figure: (left) The dataset. (right) MMA decomposition of the CechLowerstar
filtration.

22/27



Intro Related Ours Tlustrations & extensions Conclusion
00000000000 00000 [e]e]e} 0@0000

Adding noise

Proof by the example : filtration by the height

H, 2-persistence

== Ground truth

Height

0.0

0.5

“15 -10

20 -15 -10 05 00 05 10 15 20 0.0 01 02 03 0.4 06 0.7 08 09

Figure: (left) The dataset. (right) MMA decomposition of the RipsLowerstar-image
filtration.

22/27



Intro Related Ours Tlustrations & extensions Conclusion
00000000000 00000 [e]e]e} 0O@0000 [e]

Adding noise

Proof by the example : filtration by the height

H, 2-persistence

== Ground truth

Height

0.0

0.5

~15 ~10

20 -15 -10 -05 00 05 10 15 20
Scale §

Figure: (left) The dataset. (right) MMA decomposition of (the approximation of)
the GeodesicRipsLowerstar-image filtration.

22/27



Intro

Related Ours

00000000000 00000 [e]e]e} 0®0000

22/27

0.0

—05

~10

Adding noise

Proof by the example : filtration by the height

Tllustrations & extensions

30
25
820
= —
H
15
£
510
—— Delaunay
—— Euclidean Rips image
0.5 —— Geodesic Rips image
=== Delaunay p
0.0 Rips p
20 -15 -10 05 00 05 10 13 20 0.0 0.2 0.4 0.6 08
Scale &

Figure: (left) The dataset. (right) Vertical interleaving error.

Conclusion



Intro Related Ours Tlustrations & extensions Conclusion
00000000000 00000 [e]e]e} 008000 [e]

Extension to modulus of continuity

Modulus of continuity. f: X — R is w-continuous if

vx,y € X, [f(x) - f(WI < o(dx(x. )

23/27



Intro Related Ours Tlustrations & extensions
00000000000 00000 [e]e]e} 00e000

Extension to modulus of continuity

Modulus of continuity. f: X — R is w-continuous if

ve,yeX, |f(x) - fWI < wldx(x, y))

Theorem ([André, Li, L., Oudot, 2025])

Under the same assumptions, and if X, ~ p®" with p (a, b)-std., there exist a
sequence (8,),>o such that for any threshold D > 0,

C <logn>'l" .
an

E [di (HT(?)(;H,H*(/’)) A D] <o
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Extension to modulus of continuity

Modulus of continuity. f: X — R is w-continuous if

vr,ye X, |f(x)—f(l < wldx(x,y)

Theorem ([André, Li, L., Oudot, 2025])

Under the same assumptions, and if X, ~ p®" with p (a, b)-std., there exist a
sequence (8,),>o such that for any threshold D > 0,

C <logn>’l" .
an

logn)%.

an

E [di (HT(?)@",H*(/’)) A D] <o

In particular, a-Holder functions are controlled by the rate (
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Figure: Iterations that converge to a realization of the standard Brownian motion.
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Extension to the multiparameter setting

Vertical slices?
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A similar result holds when slices are replaced with slabs.
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Figure: The dataset, from [Vipond et al., 2021]
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Figure: MMA decompositions of the CechLowerstar filtrations
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Multiparameter convergence

Immunohistochemistry
Convergence in 2-param. Wasserstein error (w.r.t. to last) of the rank
decomposition of RipsLowerstar on a given protein.
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Multiparameter convergence

Immunohistochemistry

Convergence in 4-param. Wasserstein error (w.r.t. to last) of the
Hilbert decomposition of RipsImageLowerstar on the three proteins.

—— Distance to last
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1. If £ X - R%is continuous, then H,(£) is approximable, with tight
bounds, using Cech / RipsImage estimators

2. Several choices for m(;, all (quasi-)minimax, with a rate of the

order ! 1
n_generatorsd

3. Extendable under specific assumptions, e.g., Holder continuity,
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Code (to compute invariants or ML stuff):

1. For one-parameter persistence:

> pip install gudhi aTéTGUDHI Geometry Understanding
> conda install gudhi -c conda-forge ° i Figher Dimensions
2. For multiparameter persistence:

> pip install multipers Multiparameter Persistence
> conda install multipers -c conda-forge for Machine Learning

Thank you!
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