Optimal sphere packings:

from coins to oranges
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Sphere packings in 3D

Kepler conjecture: @-packings

&) A nfi ad firuram (olidi
& B ivamprogredinis, o
3D close @-packings: &e 88 + o e 4%
&n ‘% B
E  gemosordinisinferiort

Hales, Ferguson, 1998-2014 (Conjectured by Kepler, 1611)
Close packings are optimal. J
@ close packings are optimal among lattice packings Gauss, 1831
@ 18th problem of the Hilbert's list 1900
@ 6 preprints by Hales and Ferguson ArXiv 1998

250 pages and > 180000 lines of code
@ reviewing: 13 reviewers, 4 years... “99% certain” 1999-2003
o published proof: 300 pages, 3 computer programs DCG 2006
o Flyspeck project: formal proof (HOL Light proof assistant) 2003-2014

Forum of Mathematics, Pi 2017
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Sphere packings in 3D

Rock salt ) @-packings
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close packing
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Sphere packings in 3D

Rock salt ) @-packings

rock salt packing

rock salt spheres

Oe
1 r=v2-1
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Rock salt ) @-packings

rock salt packing

rock salt spheres
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Sphere packings in 3D

Rock salt ) @-packings

rock salt packing
rock salt spheres

1 r=v2-1
triangulated — simplicial
(contact graph is a “tetrahedration”)
Fernique, 2019

The only simplicial 2-sphere packings in
3D are rock salt packings.
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Sphere packings in 3D

Rock salt ) @-packings

rock salt packing
rock salt spheres

1 r=v2-1
triangulated — simplicial
(contact graph is a “tetrahedration”)
Fernique, 2019

The only simplicial 2-sphere packings in
3D are rock salt packings.

Salt conjecture open problem

Rock salt packings are optimal
6 = g — ﬁ)ﬂ ~ 79%.
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Density bounds: from discs to spheres

Uniformity and Florian bound

Packing of uniformity ¢: packing by discs of radii € [g, 1].
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Density bounds: from discs to spheres

Uniformity and Florian bound

Packing of uniformity ¢: packing by discs of radii € [g, 1].
Florian, 1960

The density of a packing of uniformity g never exceeds d¢(q) := ¢ ( AQ)
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Density bounds: from discs to spheres
Uniformity and Florian bound

Packing of uniformity ¢: packing by discs of radii € [g, 1].
Florian, 1960

The density of a packing of uniformity g never exceeds d¢(q) := ¢ ( AQ)

Proof: e
@ Among all triangles with 2 contacts
between discs, A(l is the densest.
\,/
| AC]
AWe  a¥co
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Density bounds: from discs to spheres
Uniformity and Florian bound

Packing of uniformity ¢: packing by discs of radii € [g, 1].
Florian, 1960

The density of a packing of uniformity g never exceeds d¢(q) := ¢ ( AQ)

Proof: 0
@ Among all triangles with 2 contacts

between discs, A(l is the densest.
— IAC|

piove A¥c

@ For any triangle, there is a denser triangle with at least two contacts.

disc inflation
Reduce the dimension of the set of @ @' @ @

. triangle deflation sliding
triangles (3 — 1) Fejes Téth, Mélnar, 1958 symmetry

P T /\/
cC*e Cteo (Cte (=3
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Florian bound

Density bounds: from discs to spheres

1960

6(q)
1.00 4
- 514,m_= Pwel
—Florian bound
« qr ~ 0.906
0.98
0.96
0.94
0.92 A
0.90
T T T T T o — 4
0.0 0.2 0.4 0.6 0.8 qF 1.0

Daria Pchelina

Optimal sphere packings



Blind bound

0.98 A

0.96 A

0.94 A

0.92

Density bounds: from discs to spheres

1969

—Ohew =

T
2V3
—Florian bound
—Blind bound

. qp ~0.743

0.90 A

0.0

Daria Pchelina
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Density bounds: from discs to spheres

Blind bound: proof idea

Voronoi diagram: distp(X) = |OX]| Power diagram: Mp(X) = |OX|* — R?
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Density bounds: from discs to spheres
Fernique bounds

4(r)

1k

0.98

0.96 -

0.94 -

‘upper bound
0.02L|  lower bound Pl

T i S
09}
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Density bounds: from discs to spheres
Upper density bound for () @-packings

FM-triangulation (triangles)

FM-simplicial partition (tetrahedra)

densest triangle

densest tetrahedra

TILL tght, T tighe, T sretched (Fejes Toh 1owe

iower bouna)

Daria Pchelina

Optimal sphere packings




Density bounds: from discs to spheres
Upper density bound for () @-packings

Theorem, r =+/2—1 in progress

Each of the following tetrahedra is densest among the tetrahedra with the same spheres:

DA Lo

01111 ~ 0.7209 0117 =~ 0.8105 01 == 0.8065 Orrr = 0.7847 0111r ~ 0. 8125)
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Density bounds: from discs to spheres
Upper density bound for () @-packings

Theorem, r =+/2—1 in progress

Each of the following tetrahedra is densest among the tetrahedra with the same spheres:

DA Lo

01111 ~ 0.7209 0117 =~ 0.8105 01 == 0.8065 Orrrr == 0.7847 0111r ~ 0. 8125

Proof:

@ Reduce thde dimension of the set (6 — 5):
move spheres towards support sphere center
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Density bounds: from discs to spheres
Upper density bound for () @-packings

Theorem, r =+/2—1 in progress

Each of the following tetrahedra is densest among the tetrahedra with the same spheres:

DA Lo

01111 ~ 0.7209 0117 =~ 0.8105 01 == 0.8065 Orrrr == 0.7847 d111r ~ 0. 8125

Proof:

@ Reduce thde dimension of the set (6 — 5):
move spheres towards support sphere center

@ Computer-assisted proof for tetrahedra with one contact:
recursive subdivision + interval arithmetic
=2 1000 lines of code 75 hours of CPU time

Daria Pchelina Optimal sphere packings 9/19



Density bounds: from discs to spheres

Why the computations are so slow

interval arithmetic + huge formulas — loss of precision

Daria Pchelina Optimal sphere packings 10 / 19



Why the computations are so slow

interval arithmetic + huge formulas — loss of precision

Example: to compute the support sphere radius, we need to solve Ar? +Br+ C =0
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Density bounds: from discs to spheres

Why the computations are so slow

interval arithmetic + huge formulas — loss of precision

Example: to compute the support sphere radius, we need to solve Ar? +Br+ C =0

Thanks to dimension reduction:
compute with fixed radii and edge lengths, then “simplify”

rk=ry=r;=ry=1, a=2:
A=4 (b ((6—4) (d—f)—(b—c—d+e—f—4) e) = ((c+d—e—f—4) d+4(5_f)) gl (d(e—4)—4e+4 f+16))
s (b ((674) (d—F)—(b—c—d-+e—F—4) 6)7 ((c+d—e7f74) d+4(e4)) c—f (d(e—4)*4 et+4 f+16))

c=b (4 (c—4)(d—F)—e (2¢ (d—2)—b(e—2)—4 (d+e+f—4))) 1 (d=4) (c (d (c=8)+8 (e—F)) —4  (e—4))

Daria Pchelina Optimal sphere packings 10 / 19
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Optimality proofs for e|e- |

Steps of the proof

0" denotes the maximal density Qee
©|oe:|@ @ partition space into “small” cells FM-triangulation
o|oe:|@@ find a suitable function to represent the density emptiness E
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Optimality proofs for e|e- |

Steps of the proof
0" denotes the maximal density

o|oe:|@@ partition space into “small” cells

o|oe:|@@ find a suitable function to represent the density

oe-|@ @ distribute the density among the vertices in each cell

oe-|@ @ verify that the redistributed density < §*

check all possible local configurations

Oe-|@ @ treat special cases

configurations close to local optima

Oee
FM-triangulation
emptiness E
potential 0]

(e) choice of min U

run through all coronas

e-triangles

coronas of T*
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Optimality proofs for e|e- |

Steps of the proof
0" denotes the maximal density

C|Oo-

@@ partition space into “small” cells

C|Oo-

@@ find a suitable function to represent the density

Oee

@@ distribute the density among the vertices in each cell

Oee

@Q verify that the redistributed density < §*

check all possible local configurations

Oeos

@@ treat special cases

configurations close to local optima

Oee
FM-triangulation
emptiness E
potential 0]

(e) choice of min U

run through all coronas

e-triangles

coronas of T*

oe- @ verify that the sum of vertex densities in a cell > its density

check all possible cells

Daria Pchelina Optimal sphere packings
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Optimality proofs for |e- |

Space partition

2D, O

Delaunay
triangulation

2D, Qeoe

Daria Pchelina

FM-triangulation T

(weighted Delaunay triangulation)

o|o--|o

3D, @

Voronoi cells + Delaunay simplices

HF-partition P

consists of several types of simplices and

modified Voronoi cells
(Sphere packings Il. A formulation of the Kepler Conjecture)

only Voronoi cells or
only Delaunay simplices

I

local configurations denser than §*

regular dodecahedron for Voronoi cells
(as in dodecahedral conjecture)

Hales and McLaughlin 1998

12 /19

Optimal sphere packings



Optimality proofs for |e- |

Space partition

2D, O

Delaunay
triangulation

2D, Qeoe

Daria Pchelina

FM-triangulation T

(weighted Delaunay triangulation)

o|o--|o

3D, @

Voronoi cells + Delaunay simplices

HF-partition P

consists of several types of simplices and

modified Voronoi cells
(Sphere packings Il. A formulation of the Kepler Conjecture)

only Voronoi cells or
only Delaunay simplices

I

local configurations denser than §*

pentagonal prism for Delaunay simplices

©

Ferguson 2006

12 /19
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Optimality proofs for e|e- |

Suitable function to measure the density o|oe:|®
2D, O 2D, Qe@e 3D, @
density  emptiness compression
)

E(A) := 0" xarea(A)—area(ANP) T(R):=vol(RN P) — doct x vol(R)
doct := O(tight regular octahedron) < §*

* _ Otet Soct
573+23

Daria Pchelina Optimal sphere packings 13 /19



Optimality proofs for e|e- |

Suitable function to measure the density o|oe|@
2D, O 2D, Qee 3D, @
density  emptiness compression
)

E(A) := 0" xarea(A)—area(ANP) T(R):=vol(RN P) — doct x vol(R)
doct := O(tight regular octahedron) < §*

* _ Otet Soct
573+23

An additive function reflecting the density:
I'(R) < 0 iff the density of R is less than doct
I'(R) > 0 iff the density of R is greater than doct

§ < 46" <« Tis “low enough” on each small region

Daria Pchelina Optimal sphere packings 13 /19



Optimality proofs for e|e- |

Redistribution of emptiness and compression Oe:|®
2D, Q@e 3D, ®
vertex potential score
for AeT,veA, for Re P,v ER,
UR = Viyz + m X |0 — Uy (R, v) depends on the type of R
where x, y, z are disc radii of A if R is a Voronoi cell of v (R = Vor(v)),
 is the angle of A in v then o(R, v) = 4T(R)
and Vi, m, ¥y, are constants and o(R,w) =0 for w # v

if R is a simplex, o varies in function of its prop-
erties and depends on I

Daria Pchelina Optimal sphere packings 14 /19



Optimality proofs for e|e- |

Redistribution of emptiness and compression Oe:|®
2D, Q@e 3D, ®
vertex potential score
for AeT,veA, for Re P,v ER,
UR = Viyz + m X |0 — Uy (R, v) depends on the type of R
where x, y, z are disc radii of A if R is a Voronoi cell of v (R = Vor(v)),
 is the angle of A in v then o(R, v) = 4T(R)
and Vi, m, ¥y, are constants and o(R,w) =0 for w # v

if R is a simplex, o varies in function of its prop-
erties and depends on I

U(A) = UA + UR + US < E(D) ;”(R’ v) = 4r(R)

i.e. U is easy to manipulate and is i.e. score of a region always equals to
at most E (lower approximation) 4 X compression

(Sphere packings Il. A formulation of the Kepler Conjecture)

Daria Pchelina Optimal sphere packings 14 /19



Optimality proofs for e|e- |

Verify that redistribution < §* around each vertex Oe:|®
2D, Q@ 3D. @
foreach v €T, for each v € P, Z (R,v) < 8pt
. RED,
Z Ur=>0 (*) configuration around a vertex —
A€C,

decomposition star D
configuration around a vertex —

corona C combinatorial representation of D —

graph G(D)
combinatorial representation of C —
sequence of disc radii S(C)

Daria Pchelina Optimal sphere packings 15 /19



Optimality proofs for e|e- |

Verify that redistribution < §* around each vertex Oe:|®

2D, Q@e 3D, @

conditions on geometry of D “easily” implying
o(D) < 8pt (interval arithmetics)

choose m to Satisfy (Sphere packings IV. Detailed bounds)
Z Vigz 4+ m x [2m — Z xyz| > 0 tame graphs — 25 000 graphs of the remaining
disir};é?i of dis:A’r};&Zii of D have restricted geometry = maxo(D) < 8pt
&¢ €¢ (linear programming)
for all coronas C (Sphere packings VI. Tame graphs and linear programs)

) ) except pentagonal prism graph,
FM-triangulation = bounded |S(C)| (Sphere packing V. Pentahedral prisms)

= finite number of inequalities on m  FCC graph and HCP graph

= computer search (Sphere packings Ill. Extremal cases)

Daria Pchelina Optimal sphere packings 15 /19



Extremal cases

2D, Q@e

for the coronas of T, Z Viyz =0

XY,z

disc radii of
Ag€y-corona

Optimality proofs for e|e- |

Qe

3D, @

FCC HCP

for tight triangles, U(Ayy;) := E(Axz)

FCC and HCP decomposition stars have

e-triangles — triangles close to tight maximal score

= potential close to emptiness

Daria Pchelina

= close configurations have high score

Optimal sphere packings 16 / 19



Optimality proofs for

Extremal cases

2D, Q@e

for the coronas of T, Z Viyz =0

XYz
disc radii of
Ag€y-corona

for tight triangles, U(Ayy;) := E(Axz)

e-triangles — triangles close to tight
= potential close to emptiness

derivatives on side lengths x;:

U
min AXx; > max Ax;
Te 6Xi '= Te aXi '

(interval arithmetic)

Daria Pchelina

Optimal sphere packings

Qe

3D, @

FCC HCP

FCC and HCP decomposition stars have
maximal score
= close configurations have high score

derivatives to prove that FCC and HCP are
local maxima
(Sphere packings Ill. Extremal cases)

16 / 19



Optimality proofs for |e- |
Do the same for Q@?

Optimal sphere packings 17 /19



Optimality proofs for |e- |
Do the same for Q@?

J

Daria Pchelma Optimal sphere packings
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Conclusion

Techniques

s Geometry:

properties of triangulations ... and “tetrahedrizations” differential geometry

Computer assistance:

Ann =4 (d - ) a4 (@ - 8)e - 8d) f
B =8 (@ =)’ +8 11 4 2((d - 8)e* — 8%) f*
Cun = d*ef?
8 7 =2 T
— arctan | Y=HE=0)
<
V(@ = e = ft - (@2 - 8)e? - 8d) 2

case enumeration symbolic calculus — I\/:gtlflw(?lllirgzgeel\t/;;th)
Python, C++ SageMath Boost (C++)

Daria Pchelina Optimal sphere packings 18 /19
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@ Other “spherical” questions: from pollen grains to kissing problem



Other “spherical” questions: ins to kissing problem

Tammes 1930: configuration of pores on a pollen grain spherical codes

maximize the number of spherical caps of a given radius on a sphere
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Tammes 1930: configuration of pores on a pollen grain spherical codes

maximize the number of spherical caps of a given radius on a sphere

place n points on a sphere to maximize the distance between two nearest points
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Other “spherical” questions: from pollen grains to kissing problem

Tammes 1930: configuration of pores on a pollen grain spherical codes

maximize the number of spherical caps of a given radius on a sphere
place n points on a sphere to maximize the distance between two nearest points

find the smallest possible radius of a central sphere tangent to n unit spheres

solved for n = 3,...,14, and 24 (1943 — 2015)
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Other “spherical” questions: from pollen grains to kissing problem
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dodecahedral conjecture
smallest Voronoi cell in sphere packing

(proved in 2010)
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